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THE <9-EQUATION ON VARIABLE STRICTLY PSEUDOCONVEX 

DOMAINS 

XIANGHONG GONG AND KANG-TAE KIM 


Abstract. We investigate regularity properties of the 9-equation on domains in a com¬ 
plex euclidean space that depend on a parameter. Both the interior regularity and the 
regularity in the parameter are obtained for a continuous family of pseudoconvex do¬ 
mains. The boundary regularity and the regularity in the parameter are also obtained for 
smoothly bounded strongly pseudoconvex domains. 


1. Introduction 

We are concerned with regularity properties of the solutions of the 5-equation on the 
domains D* that depend on a parameter. We assume that the total space V := Utg[o,i]-D* x 
{t} is an open subset of C”' x [0,1]. Such a family {Dh t G [0,1]} is called a continuous 
family of domains in C”, or variable domains for brevity. Throughout the paper, the 
parameter t has the range [0,1] unless specihed otherwise. 

Let us hrst introduce Holder spaces for variable domains. Let 0 < a < 1. Let N = 
{0,1,... } and N = NU{cxd}. A family {/*} of functions /* on is said to be in if 

the function [x, t) —)■ /*(x) is continuous on V and it has hnite a-Holder norms in x variables 
on compact subsets of V (see Dehnition 12.Sp . By {/*} e ("D) for i,j G N, we mean 

that all partial derivatives d^dlf^{x) are in C'“’°('D) for \L\ < i and i < j. For G N 

with k > j, let (P) denote the intersection of all with i < j,i + i < k. 

Analogously, a family {/*} of (0, g)-forms /* on D* is in if {fj: t G [0,1]} are 

in the space, where coefficients /} are dehned in /* = A A dzi^ with 

ii < i2 < ■ ■ ■ < iq. 

We say that a smooth family {D^} of bounded domains has boundary, if 

admit dehning functions r* on (with 7^ 0 at a: G dD^) such that {r*} G (Id), 

where {f/*} is a continuous family of domains of which the total space U contains P. Finally, 
a family {/*} of (0, g)-forms /* with coefficients // dehned on is of class if all 

partial derivatives d^dlfj{x), dehned on V, extend continuously to V and their a-Holder 
norms on in a: variables are hnite. 

We will prove the following boundary and interior regularity results. 

Theorem 1.1. Let 1 < q < n. Let k,i,j G N satisfy k > j and let0<a<l. Let {D^} 
be a continuous family of domains in with an open total space T> in C"" x [0,1]. Let 
{/^} be a family of d-closed {0,q)-forms /* on . 
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(i) Assume that {D^} is a family of bounded domains of boundary, {/*} G 

C^+^’^{V), and each is strongly pseudoconvex. There exist solutions to du^ = 
/* on satisfying {u^} E 

{ii) Assume that domains D* respectively admit plurisubharmonic exhaustion funetions 
gA with {(^*} E C^’^{'D) sueh that {{z,t) E V: ip^{z) < c} is compaet for each 
c e R. Assume that {/*} E (R) {resp. There exist solutions u* 

to du^ = /* on so that {u^} E (V) {resp. (V)). 

We will call the above a family of plurisubharmonic uniform exhaustion functions 
of {D^}. When n = 1, a precise boundary regularity is given by Theorem 14.51 Note that 
{D^} in (i) satisfies the conditions in (ii). Another example for (ii) is the following V with 
rough boundary. 


Example 1.2. Let be the ball in C"' with radius t~^ and center c{t). Let = C”. 
When c is continuous in f G (0,1] and t~^ — |c(f)| —)■ +oo as f —)■ O’*", the total space of 
{D*} is open in C” x [0,1], while 


p\z) = |; 2 |^ + 




are plurisubharmonic uniform exhaustion functions on D* satisfying {(p^} E C^’^{V). 


The study of regularity of solutions of the 5-equation for a fixed domain has a long 
history. Let us recall some related results. The existence of the smooth solutions on a 
Stein manifold follows from Dolbeault’s theorem and Cartan’s Theorem B, as observed by 
Dolbeault |1]. It is also a main result of the L^-theory (see Hormander [13], [E]). The ex¬ 
istence and C°° boundary regularity of the canonical solutions for a strongly pseudoconvex 
compact manifold with smooth boundary were established by Kohn ini via investigating 
the 5-Neumann problem; Kohn [18] also obtained boundary regularity of possibly non- 
canonical solutions for a smoothly bounded pseudoconvex domain in (for instance, see 
Chen-Shaw [21 p. 122]). The exact regularity in Holder spaces of d solutions for (0, q')-forms 
was obtained by Sin [26] for g = 1 and by Lieb-Range [20] for g > 1. 

The domain dependence of the 5-equation has however attracted less attention. The 
C°° regularity of solutions for elliptic partial differential equations on a family of compact 
complex manifolds (without boundary) was obtained by Kodaira and Spencer [16], which 
plays an important role in their deformation theory. For planar domains depending on a 
parameter, the exact regularities of Dirichlet and Neumann problems were obtained recently 
by Bertrand and Gong [1]. Notice that solving the 5-equation that depends on a parameter 
has played an important role in the construction of the Henkin-Ramirez functions. However, 
the domain in this situation is hxed, while multi-parameters enter into the non-homogenous 
5-equation. Such parameter dependence is easy to understand once a linear 5-solution 
operator is constructed. Of course, the construction of such a linear solution operator is 
included in the classical homotopy formulae; see [23], [7], [H], [19], and [21]. An interesting 
case is the stability of the 5-equation in terms of a family of strongly pseudoconvex domains; 
see Greene-Krantz [8]. Their stability results for the 5-solutions can be characterized as 
the continuous dependence in parameter as defined in section [2l In [3], Diederich-Ohsawa 
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obtained C°° regularity of canonical solutions of the 5-equation for certain smooth (n, 1)- 
forms. They proved the results via Hormander’s technique for a family of domains in a 
Kahler manifold. 

Our approach relies essentially on solution operators of the 5-equation that are repre¬ 
sented by integral formulae for a smoothly bounded strictly pseudoconvex domain. To 
deal with variable domains, we will use the Grauert bumps to extend 5-closed forms to a 
continuous family of larger domains, keeping the forms 5-closed. For a fixed domain, the 
extension technique is well known through the works of Kerzman [TB] and others. To apply 
the extension for a continuous family of strongly pseudoconvex domains, we will obtain 
precise regularity results first for a smooth family of strictly convex domains by using the 
Lieb-Range solution operator [20]. The extension allows us to freeze the domains to apply 
the classical integral 5-solution operators (0, m, 1221). By using a partition of unity in 
parameter t, we will solve the 5-equation for variable domains with the desired regularity. 
However, in order to freeze the domains we must restrict them in C”. Therefore, there are 
several questions arising from our approach. For instance, it would be interesting to know 
if a more general result can be established for the 5-equation on a family of Stein manifolds. 
We notice a remarkable construction of an integral 5-solution operator by Michel [21] for 
a smoothly bounded weakly pseudoconvex domain in C"". It would be interesting to know 
if the assertion in Theorem 11.11 (ii) remains true when the domains given are only weakly 
pseudoconvex. 

The paper is organized as follows. 

In section [2l we define Holder spaces for functions on variable domains. In section jS] we 
adapt Narasimhan lemma and Grauert bumps for variable domains. In section 0] we study 
the regularity of 5-solutions on variable domains first for strictly convex case and then for 
strictly pseudoconvex case. The Lieb-Range solution operator and Kerzman’s extension 
method [15] for 5-closed forms are used in section 0] where Theorem 11.11 (i) is proved in 
Theorem 14.101 

In section (5] we obtain Henkin-Ramirez functions for strictly pseudoconvex open sets 
that depend on a parameter, which in turn gives us a homotopy formula for variable 
strictly pseudoconvex domains. The Henkin-Ramirez functions are used in section [H] to 
obtain a parametrized version of the Oka-Weil approximation. Theorem 11.11 (ii) is proved 
in Theorem 16.71 As an application, we solve a parametrized version of the Levi problem 
for variable domains in C”. Finally, we use the 5-solutions with parameter to solve a 
parametrized version of Gousin problems. 


2. Holder spaces for functions on variable domains 

We first describe some notation used for the rest of the exposition. We use real variables 
X = {xi,... ,Xd) for R'^. In our application, d = 2n. Let 5^ denote the set of partial 
derivatives in x of order k. Let 5^ denote the set of partial derivatives in x of order < k. 
Recall that N = {0,1, 2,. .. }, N = N U {c)o}. Set R+ = [0, cxo) and R+ = R+ U {cxo}. 
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The main purpose of this section is to dehne Holder spaces for functions on variable do¬ 
mains. When proving boundary regularity of (9-solutions, we need to parameterize the vari¬ 
able domains up to boundary. Therefore, we will dehne these spaces hrst via parametriza- 
tion. We will then dehne the spaces without using parametrization. We will discuss the 
relation between two dehnitions. 

When a is a real number, we denote by [aj the largest integer that does not exceed 
a. Let D C be a bounded domain with boundary. Let C°'{D) be the standard 
Holder space with norm | ■ \ jy.a on D. Let j > 0 be an integer. Let {«*: to <t < ti}, with 
to,ti hnite, be a family of functions u* on D. We say that it belongs to Cy{D x [fo,ti]), 
abbreviated by {u^} G Cy{D x [to,ti\), if f i—)■ (9 ^m*, with i < j, are continuous maps from 
into and if they are bounded maps sending [to,ti] into For a 

real number a and an integer j with a > j >0, dehne 

X [fo,H]) = X [fo,ti]). 

i<j 

For brevity, we write = C^’^(D x [0,1]) and x [0,1]). 

We now dehne Holder spaces on variable domains given by a parametrization. Let 
be domains in and let F* be embeddings from D onto D^. Let {u^} be a family 
of functions u*, which are respectively dehned on D^. Denote by G C^'^{Dr) when 
{v^ o F*} is in C^’^{D). Dehne 

C'“’^(:Dr) = flC'r’*(:Dr), 

i=0 

for an integer j in [0, a]. We dehne C'^’^{Dr) = fl^i Similarly, dehne 

(^ 00 , 00 pr), and 

While writing {«*} as u and {u* o F*} as u o F, we dehne the norms: 

\u\D-,a,i= sup {|<9fu%;a} H U E {D)] 
o<e<i,telo,i] 

||M||D;a,7 = max{|u|D;a-*,*}) it u E C“’*(D), 

0<i<j 

\v\Dr-,a,j = |v o T\D-a,j, if (Dr)] 

\\v\\Dr;a,j = Ijt' O t:\\D-,a,j, if £ C“’^(Dr). 

Note that when dehning C“’-^ (i9r), we assume that D is bounded with boundary and 
a > j. Let us hrst ensure the independence of the Holder spaces on the parametrization 
under mild conditions. 

Lemma 2.1. Let D,D^ be bounded domains in R*^ with boundary, and let {F*} G 
C“’-^ (D)nC^’°(D) be a family of embeddings F* from D onto DL Then we have the following, 
{i) V = UiD* X {t} is open in R'^ x [0, 1 ], V is compact, and V = LljD* x {t}. 

{ii) A family u = {«*} of functions u* on is in C^’^^Dr) if and only if 

afafti‘(x) eC"(B), V(< j, \K\ <a-i-, 

niax{|u|-D;„_7j < oo 

0<i<4 
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with \u\t>-b,i ■= supQ<£<j^^g[Q [\dfu^\Dt-b} ■ For some constants Ci,C '2 depending on 

||{r*}||D;a,i anc? inf 1 ,1I 

F'l ||^||z)r;fflj — Il^lll5;a,j ^ ^*2IIMII £)p-(j j. 

Proof. We get {i) easily, since {x,t) i—)■ (r*(a;),t) defines a homeomorphism F sending 
D X [0,1] onto UtD^ X {t}. Thus V = T{D x [0,1]) is open in R'^ x [0,1] and dV = 
T{dD X [0,1]) is compact. 

Throughout the paper, the boundary value of a partial derivative dfd^u^ at a point in 
&D is regarded as an extension in the pointwise limit, if it exists, of the derivatives in the 
open set V. 

We now verify (ii). Since T* are embeddings and {T*} G the Jacobian matrix 

is non-singular and continuous on x [0,1]. Since dD G C^, the fundamental theorem 
of calculus yields 

\{d,r^){x' - a :)|/2 < |r*(a:') - r*(a:)| < 2\{d,T^){x' - a ;)|, 
when x' is sufficiently close to x. This shows that 

\x' - x\/C < |r*(a;') - r*(a:)| < C\x' - x\. 

Thus, we obtain the lemma for a < 1. Let y = r*(a;). By the chain rule, we have 

5.((r‘)-') = ° (rO-^(i/), a,(r*)-^(y) = -((a.r*)-^a,r*) o (rO-^(r/). 

Assume that {u^} G Since {T*} G C^’°, the chain rule says that 

[dyvf) o V^dj:'\ = da;{u^ o r*(x)). 

This shows that {«*}, {dyU^} are in if and only if {«*} G Assume that {u^} G 
Using the existence of partial derivatives dyU^ and computing limits directly, we verify that 

(dtu^) o r*(a:) = dt{u^ o r*(x)) — (dyU^) o T^{x)dtT^{x) 

ioT X E D and hence for all x G D by continuity. This shows that {vf}, {dyU^}, and {dtu^} 
are in if and only if {«*} is in The lemma follows immediately for other values 
of a,j. □ 

We now dehne for a family of embeddings T* from an arbitrary open set 

D C R'^ onto C C”. By {/*} G Cy{DY), we mean that /* are functions on such 
that {/*} G for any subset K oi D with smooth boundary. Again, when all T* are 

the identity map, we dehne Cf’^{D) to be Cf’^{Dr). Dehne C'“’-^(Dr) and similarly. 

We will denote by U{E) a neighborhood of E when is a subset of R'^. For example, we 
say that D is dehned by r < 0 if r is a real function on some U{D) on which D is dehned 
by r < 0. 

We will use the following Seeley extension operator [25] . 

Lemma 2.2. Let H = R'^ x [0,oo). There is a continuous linear extension operator 
E\ Cq(H) —)■ Co(R‘^+^) such that Ef = f on H and E : Cq{H) —)■ Co(R"'+^) is continuous 
for each a > 0. 
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Here C* stands for functions with compact support. Seeley [25] showed that there are 
numerical sequences {a^}, {hk} such that {%) 5^ < 0 and —)■ —oo, > 0, {ii) 

X] l®fel ■ < cxo for n = 0,1, 2,.. (in) ^ ak{hkY = 1 for n = 0,1, 2,.... Then Seeley 

dehned the extension 

OO 

{Ef){x,s) = '^ak(l){bks)f{x,bks). 

k=0 

Here 0 is a C°° function satisfying 0(s) = 1 for s < 1 and 0(s) = 0 for s > 2. For a 
differential form /, we dehne Ef by extending the coefficients of / via E. 

Let us use the extension operator to discuss the space and a version of extension 

for variable domains. We will also discuss an approximation. Let Cq’^IDt) denote the set 
of {/*} G such that {x,t) —)■ /*(x) has compact support in the total space of 

{T\D)}. 

Lemma 2.3. Let D be a bounded domain in with (7“ boundary and a> 1. Let {F*} G 
he a family of embeddings F* from D onto D^. 

{i) There exists an open neighborhood U of D with dU G and a family of embeddings 
ps /rom Lf onto Lf^ for Sq < s < Si with Sq < 0, 1 < Si such that {F^: Sq < s < Si} 
is of class C°’’^{U). Moreover, F* = F* on D for t G [0,1]. There exists an H-linear 
extension operator 

satisfying \\Ef\\u^.a',j' < C'a||/||Dr;a'j' for all finite a' < a and finite f < j. Here 

(Ef)'\-si = f‘, / = {/■}. V«e|0,i]. 

(a) Let f G There exists a sequence in that is bounded in 

and converges to f in ■ 

Remark 2.4. In (i) of the lemma, the is dehned as where {FL 0 < t < 

1} is replaced by {F®: Sq < s < Si}. 

Proof, {i) Since dD is in (7“ with a > 1, we can locally use a (7“ coordinate change ip to 
transform dD into the boundary of the half-space xw > 0. We then extend the mapping 
f ■= r* O to g^ by 

OO 

(2.1) gfix) = ^ak(j){bkXd)f{x',bkXd), Vx^ < 0. 

k=0 

Set F* = o ip. Thus, using a partition of unity and local changes of coordinates, we can 
extend T^: D ^ to embeddings F* from U onto [/* for a smoothly bounded domain 
U containing D, while {F*} G Next, we extend {F*: 0 < t < 1} to a family 

{F®: So < s < Si}. Let us use Seeley’s extension for the half-space s > 0. By a partition 
of unity in the t variable, we may assume that F* = 0 for 1/2 < t < cx). Dehne 

OO 

^e4>{bis)T’’f{x), Vs < 0. 
e=o 


( 2 . 2 ) 
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Applying Seeley’s extension to the half-space s < 1, we can extend {F*} to a family 
of embeddings F^ from U onto for s G [so,Si], when —sq, Si — 1 are positive and 

sufficiently small. We leave it to the reader to check that {F^} is in The extension 

E\ (7“’-^(Dr) —)■ can be dehned by formulas similar to fl2.ip - fl2.2p and by shrinking 

D, [so, si] slightly. _ _ 

{a) As above, a family {/*} G of functions /* on D* extends to a family {/*} G 

D^’^(Dp). Let {/*} G C^’^{D). Applying the standard smoothing operator on D x (so,si) 
to /*(r*(x)), we can verify the approximation on the compact subset D x [0,1] of D x 
(so,si). □ 

Lemma IQ says that with a > 1, space C'“’-^(Dr) does not depend on the parameteriza- 
tions F*: D —)■ D*, provided they exist. Next, we study the existence of parameterizations 
F*. To this end, we hrst introduce function spaces without using parametrization. Re¬ 
call from section [1] that {Dh t G [0,1]} a continuous family of domains D* in R”*, if 
V = UiD* X {f} is open in R'’* x [0,1]. The V is the total space of the family {D*}. 

Definition 2.5. {i) Let {Dh to < t < ti} be a continuous family of domains in R'’* with 
total space V. We say that a family {«*} of functions m* on D* is in for hnite b 

and j, if 

^4V(x) G D°(D), V£<j,|L|< 6 ; 

\u\v,b,i-= sup {\dlu^\Dt-b} < OO. 

0<i<i,t€[to ,ti] 

Define = n 2 <j the norm 

0<i<j 

Dehne C^’^{V), C°‘’^(V) similarly if one of a, b,j is inhnity. Let be the sets 

of functions n on D with {n(-,t)} in C'“’-^(D), respectively. 

{ii) By {m*} G C°‘'^{T>) we mean that {m*} G for any relatively compact open 

subset ca of D and for ca* = {x: {x,t) G w}. Dehne Cl’^(V), C^’^iV), Cl’^(V), 
analogously. The topology on C°'’^(V) is dehned by semi-norms || • ||a;;a'j', where a' < 
^ j, CL',j' are hnite the sets uj are relatively compact in D. Dehne the topologies of 
other spaces analogously. 

For clarity, sometimes we denote by D“’-^({D*}), C°‘’^{{D^}), respec¬ 

tively. 

Proposition 2.6. Let a G R+,j G N and a > j. Let {D*} be a continuous family of 
domains in R'’* with a bounded total space V and let dV be the boundary ofV in R'’* x 10,1|, 
Then the following are equivalent 

{i) For each to G [0,1], there exist a neighborhood I of to in [0,1] and a family {F*} G 
C°-o(^D X /) n D^’°(D X J) of embeddings F* from D onto D* with dD G fl D^. 
(a) V is compact. For every (xo,to) £ dV there exist an open neighborhoodoj of{xo,to) 
in R'^ X [0,1] and a real function r G fl such that 

(2.3) D n a; = {(x, f) G a;: r(x, t) < 0}; V 3 ;r(x, t) 7 ^ 0, V(x, t) G (9D fl ca. 
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{Hi) There is a bounded domain u in R'^ x [0,1] with V G uj and a real function r on 
oj of class n such that fl2.3p holds. 

We say that {D^} is a smooth family of hounded domains of fl boundary if it 
satisfies one of the above equivalent conditions. 


Proof. We first show that (i) implies {Hi). Assume that such a family {F^} exists for 
t E la, where la is a connected open set in [ 0 , 1 ] and {la} is a finite open covering of 
[0,1]- Since [0,1] is connected, we may assume that D is independent of a. By Lemma [2^ 
{i), we may assume that F^ extend to embeddings F^ from U onto with D G U and 
{F^} G C°‘'^{U X la). Let ro be a real function of class on U such that D is defined by 
To < 0 and Vro 7 ^ 0 on dD. Then r{x, t) = Y} Xa{t)ro o (F^)“^(a;) has the desired property, 
while u is an open subset of Ua{(ri(a^), '. x E U}. 

Clearly, {Hi) implies {ii). Let us now show that {ii) implies {Hi). To this end, let us 
show that there are a neighborhood u of V and a real function r G such that fl2.3p 

holds. In other words, r is a global definition function of V. By (I2.3p . it is clear that V 
does not contain boundary points of V. So V is open. Since dV is compact, we cover it 
by finitely many open sets Ua such that on oja there are real functions Va E C°''^ such 
that 

R n Wq, : Tq < 0; Vxf'a{x, t) 7 ^ 0, Mx E dD^. 

Let ro = —1 on uq = V. Choose a partition {xo,Xa} of unity by non-negative functions 
subordinate to the open covering {uQ,Ua}. Note that VxTa{x,t) is a non-zero outward 
normal vector at a: G dD^. Shrinking uj = ujqU {UaOJa) slightly, we can verify that r = 
Y XaTa has the required property. 

Next, let us show that {Hi) implies {i). Assume that the function r is given as in fl2.3p 
with oj being an open neighborhood of V. Define cn* = {x: {x,t) G oj}. Fix to. We 
need to hnd a family of embeddings F* from D onto D* for t near to. Let n{x) be the 
gradient vector field of r{x,to)- We approximate n{x) by a vector held v{x) such that v is 
of class on and such that for x in a small neighborhood V of dD ^°, the line segment 
{x -|- sv{x): — e < s < e} intersects dD^ transversally at a unique point with s = S{x,t) 
for \t — to\ < S. Note that s is the unique solution to 

r(x - 1 - sv{x),t) = 0 , |s| < e. 

Let Dl G be dehned by r(-,f) < c. Fix a small positive constant —Ci. For x near 
let b E [—e, e] be the unique number such that x -|- bv{x) is in dD^°. For t close to to, there 
exists a unique b E [—e, e] such that x -|- bv{x) is in dD^. Note that b depends on x, while b 
depends on x, f; and both are positive. We will hnd n = z/(x, t, A) that is strictly increasing 
in A such that z/(x, t. A) = A for A near 0, while at the end point A = b{x) we have 

i/(x, t, b{x)) = b{x, t). 


For the existence of u and its smoothness, we take a smooth decreasing function y such 
that y(A) equals 1 near A = 0 and 0 near y = &. Furthermore, ydA < 6/2. Note that 
the latter is less than 6 when t is close to to. Dehne 

b{x,t) — faXdX Y 

(2-4) = ^=1 {X + Xi)d\. 


fo (1 - X) d\ 
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We then define F* = I on and 

r‘(a; + Xv{x)) = X + z^(a;, t, X)v{x), for 0 < A < b{x),x G dDl°. 

Then F* embeds D^° onto for t close to to- To verify the smoothness of {F*}, let x, y be 
in R'^. We start with equations that determine b = b{x): 

x + bv{x)=y, r{y,to) = 0, r{x,to) = Ci. 

The first two equations determine b via x. Indeed, the Jacobian determinant of y — x — 
bv{x),r{y,to) in y,b equals —v{x) ■ Vyrijj^to). The latter is not zero, since x is close to ?/, 
v{x) is close to 'Vyr{y,to), and Vyr{y,tQ) ^ 0 near dD^'^. This shows that 6 is a function 
of class 0°“ in x near . The b = b{y,t) is determined by 

x + bv{x)=y, r{y,t) = 0, r{x,to) = Ci. 

We see that b is of class in y near dD^° and in t near to. Finally, we consider equations 
T^{y) = u{y,t), which can be written as 

X + Xv{x) = y, r{x,to) = Cl, u = x + h'{x,t, X)v{x). 

We want to use the first two equations to determine x, X via y and the last equation to 
determine u{y, t). Recall that 0 < A < b{x) < e and e > 0 is small. At A = 0, the Jacobian 
determinant of x+Xv{x),r{x, to) in x, X is —\Vxr{x, which is non zero. By the implicit 
function theorem, we can verify that {x, A) is of class in y. By the smoothness properties 
of b, b verified above and by fl2.4p . we know that z/(x, t, A) is of class in y, t. This shows 
that {F*} is of class as t varies near to- □ 

Remark 2.7. By Lemma and Proposition 12.61 the C“’-^ (iAr) space is independent of 
{F*} G when a > 1. Furthermore, the parameter t can be in several variables and 

a parametrization F* can be obtained for t near a given point to- 

The smooth approximation for is given by Lemma [221 We conclude this section 

with the following approximation result. 

Proposition 2.8. Let he a continuous family of domains. Then C°°'°°{TX) is dense 

in and in C^’^iV). 

Proof. We know that TX is open in R'^ x [0,1]. If is non-empty, we extend U* to a 
larger family by setting = D~^ for —1 < t < 0; if is non-empty, we set D‘^~^ = 
for 0 1. TliGii tli6 totcil spQjCG of tlio oxtondoci fctmily is opon in R. X (-1.2). 

Using partition of unity and Seeley’s extension, we can extend each {/*} G Cl’^V) to a 
family {/*} in _ x < t < 2}). By the standard smoothing, we can get the 

approximation. □ 

We have provided necessary background for Holder spaces on variable domains. In our 
applications, boundary regularity for the cl-solutions will be derived only in C*{fD) spaces, 
while the proof of interior regularity is more flexible and it will be carried out in C*{TX) 
and C%V). 
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3. Narasimhan lemma and Grauert bumps for variable domains 

The main purpose of this section is to recall a construction of Grauert’s bumps. We will 
provide precise smoothness for the bumps with a parameter, which are needed for us to 
understand the boundary regularity of 5-solutions on variable domains in section 01 
We need some facts about dehning functions of a domain. A bounded domain D in 
that has boundary is dehned by r < 0, where r is a defining function defined near 
D and Vr 7 ^ 0 on dD. Then the dehning function r = e^'’ — 1 enjoys further properties. 
Assume that L is sufficiently large. When D is strictly pseudoconvex, the complex Hessian 
of r is positive dehnite near dD. Note that each connected component of D is strictly 
convex if and only if the real Hessian Hr is positive dehnite on the tangent space of dD. 
The latter implies that Hr is positive dehnite at each point of dD. Finally, D is strictly 
convex if and only if D is connected and Hr is positive-dehnite at each point of dD, 
equivalently if 

Re{hc • (C - ^)} > 1C - z\yc, VC edD,ze D, 

for some positive number G. In our proofs, a domain may not be connected, while a convex 
domain is always connected. 

Lemma 3.1. Let j G N and a G R+ with j < a. Let {D^} be a smooth family of bounded 
domains in C” with boundary. Assume that D^ are strictly pseudoconvex. For each 

to G [0,1], there are an open neighborhood I of to, a connected open neighborhood U of 
D with dU G G“+^, biholomorphic mappings 'ipi from uji onto and smooth families 
{Dj}, {N^}, {Bl} of bounded domains of boundaries satisfying the following-. 

{i) The Nj := are strictly convex and relatively compact in B^^, and 

= Dl U Bl Dl = D\ Wg Dl, m < cx); 

(3.1) Nj = DlnBl ( Bf \^) n(DfWn = ^■ 

{ii) There exists a family {F*} G of embeddings F* from U ^ H such that 

Di, Bi, Ni are compact in U and 

V\D'f)=^, V\B'^=^, F*(W) = i^. 

{iii) Each D\ (resp. iV/) is defined by rj < 0 on U {resp. rj < 0 on B^fij, rj is 
strictly plurisubharmonic near Lf\D\, and r\ is strictly convex on B^^. Furthermore, 
{r\} G G“+2’J (:b^ X 7) and {r*} G G“+2J(!7 x 7). 

Proof. We will hrst construct N and B for a hxed domain D by some local changes of 
coordinates. 

We assume that the dehning function r of H is and strictly plurisubharmonic near 
dD. Fix a point p G dD. We want to construct a bump B containing p and a biholomorphic 
mapping ip dehned on B such that 'ip{N) is strictly convex for N = B A D. Furthermore, 
Dl = D VJ B, B, and N are strictly pseudoconvex with G“’''^ boundary. We also require 

that (b\d) n (d\n) = 0 . 

More precisely, let us choose a unitary matrix S such that the map ipQ-. z S{z — p) 
sends the inner normal vector of dD at p to the i/,^-axis. We will apply two more changes of 
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coordinates that are uniquely determined by Taylor coefficients of ri{z) := 2 |r\p)| ^ ° 
at the origin. We then specify B and N. 

Assume that ipo has been determined. Near the origin, D' = ^o{D) is dehned by ri < 0 
with ri(z) = —yn + 0(2). In the Taylor polynomial, we have 

ri = -Vn + Re ^ ttijZiZj + ^ hfjZiZj + hi{z) 

with hi{z) = o(2). Define a coordinate transformation z = ^i{z) by z' = z' and 

a 

Then D” = y)i{U{Q) fl D') is defined by r 2 < 0 for r 2 := ri o We have 

n—1 

r2 = -Vn + + ^ 2 ( 2 :) 

a,^=l 

and h 2 {z) = o{2). Define 5 = (p 2 {z) by Zn = Zn — iz^ and z' = z'. Then D'" = (p 2 {U{Q)r\D") 
is dehned by r* < 0 with r* = ^ — 1 and 

n—1 

r* = -yn + + y] b^-^ZaZy + h{z), h{z) = 0 ( 2 ). 

Obviously, r* is and strictly convex on some 

Let Xo be a smooth convex function vanishing solely on (— cxd, 1]. Let 

NCB,,-. f{z) := r*{z) + C*Xo{ef\zf) < 0. 

For O* > 0 sufficiently large, f is strictly convex on B^^ and N is connected and relatively 
compact in B^^. We remark that (pi depend on the hrst and second-order derivatives of r 
at p, while Cq and ei depend on the least upper bound of |i9^r(p)|“^ as well as on the norms 
of the hrst and second order derivatives of r. Dehne ip = <p 2 +i+o and N = tp~^{N). 

Let Xi be a smooth function on R that is 1 for |t| < 1 and 0 for |t| > 2. Dehne 

D: r(z) := r(z) — Sxii^^'^lz — p|^) <0; B = N U {D\D). 

Here 0 < 62 < ei/C* for some C* that depends only on the least upper bound of |i9^r(p)|“^ 
and the norms of the hrst two derivatives of r; and ip{B^^{p)) is contained in Rj(0). When 
(5 > 0 is sufficiently small, r is still strictly plurisubharmonic near dD. Note that the bump 
B covers a relatively large portion of boundary of D as 

p E dD n B^^ip) c R n dD. 

The Co, ei, 62 , and <5 can be chosen uniformly when p varies on dD. 

Using the same dehning function r, we hnd hnitely many pi,..., in dD, the associated 
r*, and the local biholomorphic mappings ipi dehned on ta* = Uipi) such that ipiioJi) = Ro) 
'’PiiPi) = 0) '’Pi{.Be 2 {pi)) + Rei) wffile {Bf^.^{pi)} is an open covering of dD. Set vq = r and 

Ni C Reo: h{z) := r*{z) + C*Xo{<^Z\z?) < 0, 

Di+i C U{D ); ri+i{z) := ri{z) - 5*Xi(e2 - PiH < 0. 
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Set Ni = and Bi = Ni U (A+i \ A)- When 5* > 0 is snfficiently small, r — ri 

have small norms. Thns, we may assnme that the e*, 6 have been so chosen that the 
fj, Ni are strictly convex, r* are strictly plnrisnbharmonic near dDi, and fl3.ip holds. Note 
that Ti are dehned on the domain of r and rj+i < r*. Since covers dD and 

B^^{pi) n dD C h^i+i, then D C Dm as claimed. 

We now consider the family {D^}. Fix to- We apply the above constrnction to the domain 
D = D^°. We rename the above Di, Ni, Bi,fi, r* by Dl°,N^°, 5*°, r-°, respectively, while 

the rjji is a biholomorphic mapping from Ui onto B^^. By Proposition 12.61 we hnd a family 
{r*} of embeddings from D onto D^, where t is dehned on I and / is a neighborhood of 
to in [0,1]. By the parametrized version of Seeley extension iLemma 12.31) . we may assnme 
that {r*} G X J) with F* being extended to embeddings from U onto f/h Here 

D G U. Replacing F* by F* o (F*°)“^, we may assnme that F*° is the identity on U. We 
may also assnme that is contained in U^°. Fix to and dehne 

Dl = T\D,), Bl = T\Bl^), iV* = R(iV*°), NI = UNI)^ 

fl = o'lPiO (F*)“^ O r\ = O (F*)"b 

This gives ns [ii). We obtain (Hi) as follows. When I is sufficiently small, f* is a strictly 
convex dehning function of iV/ on B^^ and r • is a dehning function of Dj on U that is strictly 
plurisubharmonic near U\D^. Also, {f*} G {B^^ x I) and {r*} G x I). □ 


4. Boundary regularity for variable strictly pseudoconvex domains 


In this section, we study the boundary regularity of the 9-equation on variable strictly 
pseudoconvex domains. The solutions are obtained hrst for strictly convex domains. Using 
a reduction procedure via Grauert’s bumps, we then apply the regularity result to the 
general domains. 

Let us start with a homotopy formula constructed by Lieb-Range [20]. Let D be a 
bounded convex domain with boundary with a > 0. Then D has a dehning function 
r G C°‘^‘^{lA{dD)) that is convex near dD. In fact, the signed distance function Sqd is of 
class near dD (see [5]), and it is convex in C” because 6qd{x) = Sh{x), where 

H are affine half-spaces in bounded by hyperplanes. The convexity of D implies that 


Re{rc • (C - ^)} > 0, VC G 9D, ^ G D. 

(Recall that in our convention, a convex set is connected.) Let (7°(C, z) = Q—z, z) = r^, 
and w = ( — z. Dehne 

X = SJ' = Xa(5X)”-‘. 

27r* ■ w 

=00° A 00^ A (dooy. 

a-\-p=n —2 

Here is ca*’ A when n = 2 and it is zero for n = 1. Note that 


(4.1) 


X A (dJr = 


{2Tii g^ ■ t(;)"+i 
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Decompose ^ Dq ^ and ^ where Dq g, are of (0, g)-type in z. We have 

^C^0,IJ + ^2^0,g-l ”0’ ? ^ 1; ^C^0,g + ^2^0,g-1 ~ ^0,q ~ ^0,g- 

We get the homotopy formula for (0, q) form /: 


(4.2) f{z) = d,TJ + T,+,dJ, zeD, 1 < g < n, 

(4.3) TJ = -[ A / + / A/, g > 1, 

(4.4) f{z) = [ /(C)f2io(C, ^zeDJe C\D) n A{D). 

JdD 

(See [21 p. 273].) 

The formulas (I4.2p - (l4.4p are valid, provided that can be replaced by a Leray map 
g^{C,z), i.e. it is holomorphic in z E D and 

(4.5) g\Cz)-{C-z)j^0, WCEdD,zED. 

Note that is never a Leray map when D is not connected. A Leray map g^ always 
exists when D has strictly pseudoconvex boundary. In the latter case there is another 
homotopy formula constructed via fl4.5p . where Tqf, restricted to a component D of D, is 
dehned by (14.3p in which D is replaced by D. Furthermore, for such a homotopy formula, 
one only needs a mapping g^ satisfying 

^^(C,^) • (C - ^) ^ 0, WCedD,zeD 

for each component D oi D. 


Remark 4.1. With a Leray mapping satisfying (14.5p . we have the Leray formula 

f{z)= [ f{OQl,{C,z)= [ f{C)Ql,{C,z), WzeD, 

JdD JdD 

for / G C^{D) n 0{D). However, the hrst integral representation is more convenient in 
holomorphic approximation. 

Note that the classical solution operator Tq can be estimated for 9-closed (0,1) forms; 
see Sin [26]. For (0, g) forms we recall a 5-solution operator Sqf due to Lieb-Range [20] . 
We reformulate the Lieb-Range solution operator in terms of the Leray-Koppleman forms 
for a convex domain. 

Recall that the Seeley extension Ef for a differential form / on D is obtained by applying 
E to the coefficients of the form. 


Proposition 4.2. Let 1 < q < n. Let D C C” be a bounded convex domain with 
boundary. Let r G C'“+^(W(5D)) be a defining function ofD. Suppose that f G C(Qg^(D) is 

d-closed on D. Let Ef be a Seeley extension of f that has compact support in U{D). 
Then dSqf = f on D for 

(4.6) Sqf = LqEf + KqdEf, 

(4.7) LqEf = f _ DO A Ef, KqdEf = [ _ A d^Ef. 

JU{D) JU(D)\D 
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Proof. Let us modify the solution operator Tg given by fl4.2p - fl4.3p . The 14°^ has total degree 
2n — 2. Since Ef has compact support in U{D), we apply Stokes’ formula and get 


IdD 


A / = / _ A / + / _ A dEf 


IU{D)\D 


IU{D)\D 


= - / _ a / - A / + A /) + / _ fiSLi A dEf 


IU{D)\D 


IU(D)\D 


= -d,. 


all,-2 A / + / _ A / - A / + A dEf). 


>U{D)\D 


IU{D)\D 


Let US look at the 4 integrals after the last equal sign. To modify the solution operator, we 

—2 

remove the first integral as 9 =0. The third integral of the 4 terms is 0 when g > 1, or 
holomorphic when q = 1. In the latter case, we remove it. We end up with two integrals 
that do not involve boundary integrals. Moreover, the second integral, after combined with 
the last integral in fl4.3p . is over the domain D U {U{D) \ D) = U{D). We have verihed 

grp. □ 


We now apply Sgf to our hrst case where are strictly convex. More precisely, we 
assume that are strictly convex and have dehning functions P on U* which are strictly 
convex near U*- \ while {r*} G We replace the above D,V({D), r, E, by 

U\ P, E^, ^ respectively. Let Sgf be the operator Sg applied to (0,g) form /* on D^. 
Thus, we have 

(4.8) Slf = LIE f + KldEf, 

where LgEf, KgdEf are dehned by fl4.7p in which Ef, U{D) are replaced by E^f, U* 
respectively. 

In real coordinates x, f, we will write Zj = Xj+iXn+j and (j = fj + ifn+j- Recall that 
denotes the set of derivatives of r^{C) of order at most i. In view of fl4.ip . we can express 
the coefficients of S^„f as follows. 

qj 


Proposition 4.3. Let Lg, Kg be given by (14.7p and (14.8p . The coefficients of the (0, q — 1) 
form KgdEf{z) are C-linear combinations of 


(4.9) 


K^fiiz) := 


mo 


A{dlr\^,x){fi- Xi) _ 

2m 


■ {z — C))*^ ’"1C ~ ^1 


dV{f), Va: G 


with m = 1,..., n — 1 and i = 1,..., 2n, where fl is a coefficient ofdE^f, A is a polynomial, 
and dV is the standard volume-form on C". The coefficients of (0, q — 1) form Lgf{z) are 
C-linear combinations of 

(4.10) L‘f„(z)~ [ 1<*<2a, 

18 “ z\ 

where /q are coefficients of E^f. The coefficients for the C-linear combinations are univer¬ 
sal and independent oft. 


By the proposition, it suffices to show that {K^fi}, {L^fo} are in when 

{/a. {/a are in C*y{f7f}). 
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We first state the following interior estimate. It is valid for norm for integers k,j. 

See [27] for fixed domains. 

Proposition 4.4. Let j, fc G N and 0 < a < 1. Let {W} be a smooth family of domains 
of boundary. Let {/*} G and let {L^f} be defined by fid.iop . IfV is 

a relatively compact open subset of the total space U of {Lf^}, then for Sk < Ck, 

< C'dist(P,9W)-^''|/|w;fc+„,,-. 

Proof. This follows directly from the classical estimates for the Newtonian potential. Since 
P is relatively compact in U, we hnd a smooth function x*(a;) in t,x such that x*/* has 
compact support in W, while equals 1 near V. We may assume that /* = cind 

for {/*} G we have 

Sl{L‘f{z}}= [ 3l{f‘m f~tl dV(0, zeD^cBs. 

JBr 

The estimate in x derivatives is then classical. For detail, see [5] (pp.54-59). □ 

When n = 1, we have Sif = LiEf in fl4.6l) . Thus we have proved the following 1- 
dimensional result. 


Theorem 4.5. Let j,k G N with k > j. Let {D^} be a smooth family of non-empty 
bounded domains in C with boundary. Assume that /* are (0,1) forms on with 

f = {/*} G (P). Then exists linear solution operators m* = S^f to du^ = /* on 

so that {S^f} G C'^+i+“4(p), 

We now estimate the boundary integral to gain ^ in the Holder exponent. 

Proposition 4.6. Let j,k G N with j < k. Let {H*} he a smooth family of hounded 
domains with boundary. Suppose that D*‘ is non empty and relatively compact in 

and it is defined by P < 0 on with dP ^ 0 on dD^. Suppose that the real Hessian of 
P is strictly positive-definite on \ and {P} is of class . Let {K*g} he 

defined by fl4.9p . If g ^ {{W}), g^ = 0 on D^, then 

\\Kg\\ D;fc+1/2J < 

where V, U are respectively the total spaces of {D^}, {f/*}. 


Proof. By Proposition 12.61 we know that {T**} is a family of bounded domains of 
boundary. Using a cut-off function we may assume that each g^ has a compact support 
in a small neighborhood of dD^. Thus the integral K^g is over a fixed bounded domain, 
which simplihes the computation of t derivatives. 

Note that P^ ■ {( — z) ^ 0, for z E and ( G U* \D^. The latter contains the support 
of g^. First, we will take the derivatives on the integrand directly. We denote by N^{x) 
a monomial of degree u in x. Let A{w) denote a polynomial in w. Also, the A might be 
different when it recurs. Let us write 


K^g{z) 



t A{dlP,f,x)Ni{f - x) 


dV(0, 


z G Df 
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Note that {g^} is only in We first compute dld^^{K^g{z)} for i < j and i + ki < k. 

We then apply the integration by parts to derive a new formula. Finally we compute two 
more derivatives to derive the —estimate by using the Hardy-Littlewood lemma. 

We write d^^{K^g{z)} as a linear combination of Klg{x) with 


(4.11) 


K^g{x) .- g (0 _ ^\2i+2^2 

ho + hi + h2 ^ ki, 1 ~ ho + h 2 ^ 0. 


dV{0, 


It suffices to estimate dl{Klg{x)}, which is a linear combination of 


(4.12) 

with 


JHx) : = 


—M0+M2+j2 ^) _ 

(y^l . _ ^^2i+2fl2 


dvio 


(4.13) ^*(0 = d{%g\0)A{di^dlr\d,rl^,x). 

Furthermore, ho,hi)h 2 satisfying fl4.11l) and 


jo + ji + 42 < h i <j, i + ki < k - 1. 


Next, we will apply the integration by parts to reduce the exponent of • ((^ — z) to 
n — i. This requires us to transport the derivative in t to derivatives in Thus, we need 
the space C* instead of C*. To this end we write (14.1211 as 


(4.14) 

(4.15) 


= 




/c. (r* • (C - ^))--^+ 

~9\^,x) = g\0 


dV{^), m = ni+j2, 


-^l-M0+M2+i2(^ ^) 


— ^|2^+2^2 


Using a partition of unity in (C,^) space, we may assume that 9^{C) compact support 
in a small ball B centered at (Co)^o)) and on B 


(C-2:)} 7^0, u\i,x) -(C-z)} 7^0, 

for some /3. Since 9^{C) is 0 on and has a compact support in B, we apply Stokes’ 
theorem and obtain that, up to a constant multiple 



{rl ■ {( - z))^-^+^-^ ^ ’ 


Wz e DK 


Repeating this shows that up to a constant 

with 


(4.16) x) := (% o x) ^)™{^*(^, x)}. 

Since g^{^, x) = 0 for G H*, it is easy to see that J^ix), dxJ^n are continuous on V. To 
show that {K^9} is in {{D^}), by Hardy-Littlewood lemma it suffices to verify 

\9lJiiix)\ < Cdist(a:, 511^)“^/^, Va: G D^. 
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Since g^{x) = 0 for x G -D^ we obtain that for b < j,a + b < k — 1 

\dl,d^t{9\0}\ = W(0} - dl^d\{g\x)}\ < C\\g\\u;k-iM “ ^1^-“- 

Thus, \g\^)\ < C'|^-x|^-^ |^*(C)| < C'|^-x|^-^-^° by (| 4.13p , and |^(^,x)| < C\^-x\’^ by 
fl4.15p . for 

= (A; — 1 — Jo) + (1 ~ ho + h2 + J 2 ) ~ (2^ + 2 ^, 2 )■ 

By dUSl), we get 

< C{\\r\\u-,k+i,j)\\g\\v-,k-i,M “ ^ u’ = u - m. 

Recall from fl4.14p that m = /ii + j 2 - Hence 

u' = [k — 1 — jo) + (1 — /xo + h2 + 42 ) — {2i + 2 /i 2 ) — (hi + J 2 ) 

= k — Jq — hq — 2i — ij,2 — fii > k — i — ki — 2i > 1 — 2i. 

We obtain similar estimates for |9|x*(^,x)|. In summary, we have 

|5y(^,2:)| < C'||^||c;fc_ij|^-x|T-2^)-", s = 0,1,2. 

Here C depends on ||r||z^;fc+ij. Now, d‘^Jm{x) is a linear combination of 






■ = 


■ — 


for X G D^. Therefore, we obtain 
(4.17) \JLA^)\<C 


/c" (^c ■ ~ 

H(r*,^,x)a,,{x*(^,x)} 

(r^ • (C - z)Y-^+^ 

r A{rl,^,x)v\^,x) 

cn (r* • (C - z))^-^+^ 

dViO 


dViO, 


dViO, 


U^\D^ kc • (C - z)\^-^+% - z|2^+l-»' 

Since |r^ • (C — z)| > CjC — z\‘^, it suffices to estimate fl4.17p for £ = n — 1. We have 

1 


\JU^)\<c 


12n 


^dViO: ^ = 0,l,2. 


'm\D^ (C-^)I*+^IC-^I 

Then the last integrals are bounded by C dist(z, For the further detail, see Lieb- 

Range (the estimates of Jk{z) in [20], PP- 155-166.) □ 

To study regularity of cl-solutions for variable domains, we need to introduce the follow¬ 
ing. 

Definition 4.7. A family {E^} of subsets in a topological space X is upper semi-continuous, 
if for each t and every open neighborhood U of in X, we have E^ G U when |s — f| is 
sufficiently small. 

It is easy to see that the family {X\i7*} might not be upper semi-continuous in X when 
{E^} is upper semi-continuous in X. 
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Remark 4.8. The family of boundaries of domains defined by r* < c is not necessarily 
upper semi-continuous. 

Lemma 4.9. A family {K^} of compact sets in is upper semi-continuous if and 
only if its total space fC is compact. In particular, if {K^} has a compact total space fC and 
the total space of {oj^} is an open subset offC, then {K^ is upper semi-continuous. 

Proof. Obviously, the last assertion follows from the hrst assertion. Suppose that {K^} 
is upper-semi continuous with total space /C. If fC is not compact, there is a sequence 
{xmitm) G fC that does not admit any convergent subsequence with limit in /C. We may 
assume that t^ ^ t^ as m ^ oo. Since is bounded, it is contained in an open ball U 
of hnite radius. By the upper-semi continuity, we know that C U for m sufficiently 
large. We may assume that Xm —t Xq. Then xq is not in Kt^. Take another open set U' 
containing Kt^ such that xq is not in U'. By the upper semi-continuity, we have Kt^ C U'. 
Then xq is mU', a contradiction. 

Suppose now that /C is compact. Fix to ^ [0,1]. Let U be an open neighborhood of 
in R'^. Suppose that is not contained in U for a sequence tm —t to- Take Xm G iF*™ \ U. 
Since K. is compact, taking a subsequence if necessary we conclude that {xm,tm) tends to 
(xo, to) G /C. This shows that Xq G K^°\U and the latter is non-empty, a contradiction. □ 

Theorem 4.10. Let j, A; G N with k — 1 > j. Let {D^} be a smooth family of non-empty 
bounded domains in C"" with boundary. Assume that are strongly pseudoconvex. 

Assume that /* are d-closed (0, q) forms on with q > 0 and f = {/*} G There 

exist linear solution operators f to du^ = P on so that G C'^+V2-im) n 

for all e<l. 

Proof. We hrst consider the case when all are strictly convex. By Proposition 12.61 we 
can hnd dehning functions P for H*, where {P} G and P have positive-dehnite 

real Hessian on dD^ replacing P by e^^ — 1 if necessary. Then we have homotopy formula 
fl4.8p that provides a solutions operators S'*. The regularity follows from Propositions 14.41 
and 14.61 

The proof for the general case consists of two steps. We hrst use the bumps in Lemma ITT] 
and the theorem for the strictly convex domains to extend {/*} to a family of cl-closed 
forms on larger domains. We then solve the cl-equation on a hxed large domain by using 
the classical homotopy formula. Note that we only constructed bumps uniformly in t for t 
close to a given value. Thus, we will hrst dehne the solution operator S'* locally in t and 
we will then dehne S'* for all t by using a partition of unity in parameter t. 

We recall the construction from Lemma [3.11 Fix to- We can hnd a connected neighbor¬ 
hood I of to such that when restricting t to / we have the following: there are hnitely many 
strictly pseudoconvex domains Dj, Bj, iV* with boundary such that 

Dl, = DluBl 'D^gDI, N^ = DlnBl DI = D\ 

(4.18) (B‘ \ A‘) n (D\ \ N‘) = 0, 

(4.19) r‘(D,) = B‘. r‘(iv.) = iv‘. r‘(s.) = s.‘ 

and there exists a biholomorphic mapping from Ui onto R, independent of t, such that 
iV* := ppNl) is strictly convex. Furthermore, Bi,Ni and Di are relatively compact in U 
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and {r*} e C'^+^’-^(f/), and the Dj (resp. iV*) is defined by r- < 0 (resp. f- < 0). The {r-} 
is in and f* is strictly convex on Here U contains and has boundary. 

Let Sj^t be the Lieb-Range solution operator determined by fj for N^. We pull back the 
solution operator to Nj; and define Slf.g := {'ipi)*Sj^t{'ip~^)*g^. 

By (I4.19P we know that 

(Bf\M)ndDl = T\(B?^)ndD,), :D[\^ = r*(AW) 

are upper semi-continuous in C”. Thus we can find open neighborhoods U^, U} of (R* \ Dj) 
such that U} C Uf and Uf n {D\ \ N-) = 0 for f near to. Now we find a smooth function 
Xi that has compact support in such that Xi = 1 near U}. Since we have only finitely 
many families {Ad}, the above construction of is valid for all t near to and all i. We 
then define 

fl = f- ^XoS%J) = (1 - Xo)f - (dxo) A S%J. 

The last identity implies that fl vanishes near (Rg \ Rg). We extend fl to be zero on R|;\Rq. 
Then /} is 9-closed on D\, and {/}} G We define fl^^^ = fl — d{xiSl^.fi) and 

extend it to zero on \ Dj. We can write 

m—1 

fL = f‘-S9‘, = 

1=0 

We have {g^} E while 1/^} ^ Since Xi is contained in Ad, then 

{XiS^J} e for all e < 1. This shows that {g^} is in p C'^+^>t(py 

Again, for the fixed to, we can find a strictly pseudoconvex domain R* of boundary 
such that R* C R* for t near to- Let T be the solution operator from the classical homotopy 
formula on R*. By the interior regularity property of To*, we get {TD*/m} ^ R^’'"^(Rr)- 
Then S^f := Tn^ff^ + g^ is a. solution operator of the desired property for t near to- Using 
a partition of unity {xi} on [0,1] with suppy* C {ai,bi), we obtain a solution operator 
J2Xi(f)Si, where Sj is defined for t E {ai,bi). Then := J2Xi(t)Si has the desired 
properties. □ 

5. Henkin-Ramirez functions for variable strictly pseudoconvex open sets 

In this section we will construct a family of Henkin-Ramirez functions for variable strictly 
pseudoconvex open sets. As an application, we will find homotopy formulas for a smooth 
family {R*} of strictly pseudoconvex domains. 

The following theorem is on Henkin-Ramirez functions with parameter. 

Theorem 5.1. Let a,b E R+, j E N, and j < a. Let {a;*}, {R*}, {R*} respectively 
be continuous families of domains with total spaces oj,V,U. Suppose that uj is relatively 
compact inti. Let {r^} be of class (U) (resp. (JA)). Suppose that r^ are strictly 

plurisubharmonic on uj^. Let R* := w* fl {r* = 0}. Suppose that for each t E [0,1] 

(5.1) R* ^ 0, dD^ c R* CC 

(5.2) r* < 0 on R*, r* > 5o on R* \ (R* U oj^) 
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with ^0 > 0. For ^ > 0, set D\ := D* U {z G co*: F{z) < <5}, := {z G -D*; F{z) < —5}, 

and V"/ := {z G -D^Uco*: \r^{z)\ < 5}. Assume that 

(5.3) V] —^SjSfc > Ao|sp, VCGa;^ 

dCjCk 

(5.4) \dy - dy\ <^, VC G Vl, zeu^u D\ K - ^1 < do 

for some Aq > 0 and do > 0. Let 0 < o,nd 

(5.5) (i = min|(io, clist(V 5 *^, \ iA*): t G [0,1]|, e = min|^(i^, 5i|. 

Then d> 0 and there exist funetions 4>*(2;,C) and 

C^T"^ 1 

f\z,c,) = -Y. - <i> - i E - a) 

so that for z G and C G \ the following hold: 

(z) The functions 4)*(z, C) are holomorphic in z, and ^^{z, C) 7 ^ 0 for z ^ ( and F{z) < 
r\C). 

{a) If 1C — ^1 < C; there exist M^{(, z) ^ 0 such that 4’*(C, z) = F*(C, z)M^{(, z) and 

(5.6) ReF‘(s.C)>>'‘(C)-r'(0 +jlC-s|", K - z\ < d,(,z e D',^. 

(Hi) The families {¥}, {M^} are m (Z^\DiJ}) {resp. Cy'^{{iy^x 

(yyDy)). 

Remark 5.2. (i) The main conclusion is about the uniform size e, given in fl5.5p . of the 
band x {D\^ \ Dff) on which <h*(C,2:) are dehned. This will be crucial in proving a 
parametrized version of Oka-Weil approximation in section O {ii) dD^ might not be smooth 
and might not be connected. Furthermore, could be empty when O* consists of local 
minimum points of (p^. {Hi) The results are classical for non-parameter case. When t is 
hxed and Vf is replaced by a neighborhood of dD^, and F is of class see [T^ Theorem 
2.4.3, p. 78; Theorem 2.5.5, p. 81]. For the case when dD^ has hnitely smooth boundary, 
see Range [211 Proposition 3.1, p. 284]. 

Proof. To simplify notation, we hrst derive some uniform estimates without parameter. We 
then make necessary adjustments for the parametrized version. 

(z) Let us hrst assume that F is independent of t. Write D^, Vf, D\ as H, Rs, Ds respec¬ 
tively. We consider the Levi polynomial of r at C 

F«(z,Q ^ y.) - 0) - 5 E ypi - - C‘)' 

Assume that 

(5.7) C e z e \C,-z\<d. 
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Let f{t) = r((l - t)C + tz). Then /(I) - /(O) = /'(O) + ^"(0) + |(/"(s) - /"(O)) for some 
0 < s < 1. By fl5.4p - fl5.5p . and fl5.7p . we get 

2ReFo(2:,C) > r{C) - riz) + Xo\C - z\‘^ 

- C'^ max |aV((l - t)C + tz) - 9V(C) 11C - zj^. 

Therefore, if C)satisfy fl5.7p . then 


(5.8) 


2ReFo(^,C) > r(C) -r(^) + ^\C - z\^. 


Using a real smooth fnnction x ^ 0 with compact snpport in the nnit ball of C” snch that 
/ X = 1) let us define 

/* 

Xd{z) = d~^^x{d~^z), aij{z) = 


j dCidCj 

Then we get C°° functions aij such that on \ 

d‘^r 


[z-C)Xd{C)dV{C)- 


sup 

C,£u) 




dCidCj 


< 


I a 


— ^al'^|ti+27 |^27"|a+l — ^ |'^|a+2 


We replace the Levi polynomial Fq by 


C^T' 1 

F(z, C) := - 5^ - C,) - 2 - 0)- 


Now fl5.8l) implies that 

(6.9) 

if C and z satisfy 

(5.10) 

(5.11) 

then we must have 

(5.12) 


2Re-F(0,C) > riO-riz) + h|i; - z|^ 
This shows that if C, 2 : satisfy 
d/2 < 1C — .^1 < d, C,iZ ^ 


r(C) > r{z) - 


Xod^ 


2ReF(z.O>Lx)?!-L)?! = XL, 
^ - 4 4 32 32 


Let X be a C°° function such that x(C) = 1 for ICI < t t(C) = 0 for |C| > ^- Dehne 
(5.13) f{zX) = 

It is clear that the coefficients of / are in C, ^ if 

r Ac 

z e CeDsXD-e, e = min<fo, ° 


dzixiC - z)\ogF{z,C)) if d /2 < \C - z\ < d, 

0 otherwise. 


And^ 


64 

Indeed, the conditions imply fl5.1ip . If fl5.10p holds, then fl5.12p implies that / is dehned in 
the hrst case of fl5.13p . So it is of class If fl5.10|) fails, then it is dehned in the second 
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case. Furthermore, near |C ~ = <^/2 or d, (15.111) and fl5.12p imply that / is identically 

zero. Therefore, / is of class 

We claim that r > 6 o on du \ D and it takes all values [0, (5o) in u. Indeed, by (15. Ih . u 
is not contained in D. Then m := max{r( 2 ;): , 2 ; G du} > 60 by (15.2p . For any c G [0, (5o), 
we hnd a line segment 7 with 7 ( 0 ) G C(t), m' := r( 7 (l)) G [c,m), and 7 ( 1 ) G u. Let 
s' be the largest s such that r( 7 (s)) = 0, and let s" be the smallest s G [s*, 1] such that 
r( 7 (s)) = m'. Thus 7 ((s',s")) <Z u \ D and r( 7 ((s', s"))) = [0,m']; the claim is verihed. 
By Sard’s theorem, the r attains a regular value e' G [4e/5,9e/10] on u. Recall that 
D^/ = Du {z & u: r{z) < e'}. By (15.2p . we obtain 

dD^i = a; n {r = e'} 

which is compact and of class 

Let be a solution operator from the classical homotopy formula for the strictly 
pseudoconvex domain D^i. (Note that the construction does not require the domain to be 
connected, as shown in Theorem 15.81 below for the parametrized version.) 

Dehne 

u{zX) = TDj{;C)iz), VC G DsAD-e,ze D,. 

By the interior estimate, we obtain u G as / G We also have 

d\^\u{zX) _rT. f ^ 

which is continuous on De> x {Ds^ \ T*-e) for |a| + |/9| < a + 1. Therefore, 

rD.,/(-,0(2) e X (B* \ B-.))- 

By (15.9p . we can dehne log F{z, () for 0 < |C — 2 )| < e to dehne 

’ |^gx(C- 2 )iog.^( 2 ,C)-«(^,C) otherwise. 

This shows that <F G x {Ds^ \ D_^)). 

We now consider the parametrized version. Let us hrst show that d, dehned by (15.5p . is 
positive. (Note that we cannot conclude that du' \ D', dV^^ are upper-semi continuous.) 
Otherwise, there are sequences Zk G G du''^ \ with tk ^ to as k ^ 00 such 

that \z'i^ — Zk\ —)■ 0 as A; —)• cx). By (15.ip . we know that V is relatively compact in U as 
u is relatively compact in U. Taking a subsequence, we may assume that Zk —)■ zo and 
—)■ zo as A: —)■ cx). We have du' \D' C U'\ {D'Uu'); hence (15. 2 p implies that r(z^) > ^o- 
We have Zk G hence \r'’^{zk)\ < ^i. Letting A; —)■ cx), we obtain that r'°{zo) > 5o and 
F°{zo) < 5i, a contradiction. 

We hrst remark that r' is dehned on U'. For D' dehned by r* < 0 (possibly empty), we 
take 

1 

F‘(z ,0 - 5 ; ^( 2 , - 0 ) - 2 - U- 
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Here by Proposition 12.81 we have chosen {6^^} G such that |&q^(C) “ d^~^\ ^ -^o/4. 

We have (I5.6p . We then dehne 


f\z,C) 


dzixiC - z)log F\zX)) if d/2 < \C - z\ < d, 
0 otherwise. 


As before, we can verify that {/*} is of class x \ Dhe)}). 

Fix to- We apply the above to D = D^° and denote D^i by D/^. Applying Lemma [4.91 
to 0* = r*, we conclude that C Dl° C D[ when t is close to to- Assume that t is 
sufficiently close to to- Then we obtain 

(5.14) u\zX)=T,,t,f\-X){z), zeDl/,, 

e' 

if 1C - ^1 < d, 

’ I otherwise. 


Since {r*} G {{U^}), then G {{U^}). 

We now use a partition {Xiz} of unity on [0,1] such that each Xu has compact support 
in a small neighborhood lA{ty) of and we dehne (I5.14p . We then dehne 

“‘(aC) = '^xAi)TDi-f\-X){z), 

pN / C)e"“‘(^’^^ if 1C - ^1 < d, 

’ j^ex(C- 2 )iog^*b>C)-«*( 2 >C) otherwise. 

For z G U{D^), we have OF = '^yXvif)f^{zX) = f^izX) for d in Dehne d**, M* in the 
theorem to be 4>C e““* respectively. Note that the integral operator T^u, is independent 
of t, we can verify {iii). The proof for regularity is almost identical as the solution 

operator in fl5.14p is independent of t. Thus we do not repeat the argument here. □ 


We need Oka-Hefer decomposition with multi parameters. Let us hrst introduce the 
following. 

Definition 5.3. Let a, 6 G R+ and let j G N with j < a. Let {tc*}, {H*} be contin¬ 
uous families of domains in C”", R'^, respectively. Denote by 0°“'^{{Y^,0{oj^)}) the sub¬ 
space of {/*} G C“4({W X w*}) satisfying f^{y,-) G 0{u^) for all y G DC We dehne 
C/'^{{Y^,0{u^)}) analogously. 

Lemma 5.4. Let a G R+ and let j G N with j < a. Let {D^} he a continuous family of 
domains in C” with total space V. Let {<p*} G C^'^i/D) he a family of plurisuhharmonic 
functions on DC Let 

ujI = {z e D^: p\z) < c} 

with total space ooc- Let 0 < Ci < Cq. Assume that oJcq is relatively compact in V. Let H 
he a complex hyperplane in C”. Assume that H fl ^ 0, for all t G [0,1]. There exits a 
linear continuous extension mapping 

E: C-’^{{Y\0{HnulJ}) ^ 
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such that {EfY = /* on x (o;*^ n H). The similar conclusion holds when in hy¬ 
potheses and the conclusion is replaced by . 

Proof. We may assume that H is defined hj Zn = 0. Fix t. Since is relatively compact 
in D*, then is relatively compact in for ci < C 2 < cq. Also, is a pseudoconvex 
domain for each c < Cq, if it is non-empty. 

Fix Cl < C 2 < C 3 < C 4 < C 5 < Cq. Fix to- When t is close to t^, we have 

< CC cn* CC uj% CC uj% CC CC uj% CC 

Here is strictly pseudoconvex domain with boundary and it depends only on t^. 

Note that (ucl D H) x C for some e > 0. Let x(x) be a smooth function that is 
equal to 1 on (wcs Fl iL) x A ^/2 and has compact support in ( 0 ;*“ D H) x A^. Consider 

f z e {ul°nH) X A,\H X {0}, 

^ ^ \o, ^ e {ojIi nH)x a,/2 u {C- \ (uli nH)x AJ. 

When e is sufficiently small, the union of two sets in the above two formulae contains ujc 2 - 
Thus we see that {g^} e x 

We now use the linear 5-solution operator and define u^{y,z) = T^^g^{y, z). Then 
f^{y,z) := ~ ZnU^igj^z) are holomorphic extensions respectively on for t 

close to to- Clearly, for t near to, we obtain that {«*} and hence {/*} are in C'“’-^ ({W xo;*^}). 

Furthermore, {/*} G Using a partition of unity {'0^} for [0,1], we get 

a desired holomorphic extension 

f\y,z) = '^i^u{t){Xu{z)f{y,z') - Znul{y,z)). 

That is that, on H H, we have f^(y, z) = f^(y, z'). □ 

Let iL be a complex subspace of C”. If {oj^} is a continuous family of domains cn* in C”, 
let C^\{Y^, 0{u\Y)}) denote the space of {/*} G 0{(jjIY)}) such that /*|h = 0. 

Lemma 5.5. Let D^, be as in Lemma \5^ Let H be defined by zi = ■■■ = zi = Q. 

Let 0 < Cl < Cq. Assume that H fl 7 ^ 0, for all t G [0,1]. Suppose that a' < a, i < j, 

and i < a. There exist linear maps 

such that P{y, z) = Ylm=i z)zm- The similar conclusion holds when C°'’^ is replaced 

fof. Q^jiy 5 > 0 . 


Proof. Apply induction on 1. For ^ = 1, take f\{y,z) = f^{y,z)/zi. Away from zi = 0, /i 
clearly has the desired smoothness. To check the smoothness near ; 2 i = 0, we note that 
A^x (cj^^niL) C 0;*° if 5 and |f—fo| are sufficiently small. For z near (0,p2, • • • ,Pn) F 
we have 


fliy.z) 


1 [ fUO yr dC 


It is clear that {fl} G C“’*({W, Oipjlf)}). 
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Assume that the lemma holds for Then f^{y, 0, z') = Yl^j =2 By Lemma 15^ 

we extend {g^} to {g^} G (^(a;*^)}) such that {g^} is still of class Here 

Cl < C 2 < Co. Dehne f\y,z) = f\y,z) - Ej =2 = 0 when = 0. 

So f\y, z) = zig\{y, z) and {g\} G C'“’h □ 

Theorem 5.6 (Hefer’s theorem with multi-parameters). Let be as in Theo- 

rem 15.11 Let 0 < ci < cq. There is a continuous linear map 

W: ^ X D^J}) 

so that w = Wf satisfies f{y, () - f{y, z) = wjiy, C, x)(Ci - Zi). 

Proof. On X X we consider F^{y, z) = f^{y, () ~ Piu^ z). Now ca* x caj is dehne 
by (j)^{z,w) := m.ax{ip^[z), ipf [w)} < c, and cff is plurisubharmonic. Apply linear change of 
coordinates 

(5.15) L: C = (- z, z = z. 

Set = L{D^xD^), /*(?/, (, z) = f^{y, C+z, z)), and z) = (j)^{(+z, z). Now L, dehned 
by fl5.15p identify C°'^^’^{{Y^,0{D^ x D^)}) with C1(.D* x D^)}). Replacing 

D*, (p*, /* by (p*, /* respectively in the last two lemmas, we obtain the conclusion. □ 

Theorem 5.7 (Decomposition of Henkin-Ramirez functions). Under the hypotheses of 
Theorem \5.1[ we have additionally <h*(C, z) = {( ~ z) ■ w^{(, z) with 

{w‘} e {{DIPD‘_„ 0 {D‘„}}). 

Analogously, ij {r‘} € Cr^-l{{U‘}), then {w‘} € \ Bl.. ©(Bj,,)}). 

Proof. Consider the family of holomorphic functions 

{4,<}eC«'’y{Bj.\BL.,0(B‘/,)}). 

By Theorem 15.61 we have <h*(C, z) — d>*(C, z) = w^{C, z, z) ■ (z — z) for ( G \ and 
z,z E D^^/ 2 - Then z = ( and w^{(, z) = u)*(C, Ct z) are the desired functions. □ 

The above theorem does not require that Vr 7 ^ 0 on dD, that is, dD might not be smooth. 
When in additionally dD^ is smooth, we can use the Leray map w{(,z) to formulate 
homotopy formulae. We take the Leray maps 

g^{C,z) =w\C,z), g^{C,z) = C-z. 

We construct f2°, via g^, and g^,g^ respectively. The following theorem is a direct 
consequence of the classical homotopy formula and the solution operator of Lieb-Range. 

Theorem 5.8. Let a,b E R+ and let j G N with j < a. Let {U^} be a continuous 
family of domains with total space U, and let {cj*} be a continuous family of domains with 
C f/L Let {r*} be of class C“+^’-^(7/) {reps. C^+^’-^(W)). Suppose that U is strictly 
plurisubharmonic on uj^. Let be relatively compact open sets in . Suppose that dD^ = 
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{z ^ r^{z) = 0}, r* > 0 on \ , and dr^ ^ 0 on dD^. Let /* be a (0, q) form on 

of class C'i’O(P) n Then 

f = dr^_J + Tidf, l<q<n, 

Ti-J = - [ A /* + / A f. 

JdD^ Jd^ 

Here = $* = w* • (^ — z) is given by Theorem \5.7\ and = ( — z. Assume further that 
dp = 0 on . Then dS^f = f for 

Slf = LlEf + KpEf, l<q<n, 

L\Ef = [ A Ep, KldEf = f A d^E^f. 

Jw JW\D<: 

Here {Ep} is a Seeley extension such that for each t, E*f has compact support inU{D^). 

The proof for strictly convex case of Proposition 14.61 can be modified easily to obtain the 
following. 

Theorem 5.9. Let 1 < q < n. Let j, fc G N with j + 1 < k. Let {D^}, with total space T), 
be a smooth family of strictly pseudoconvex domains with boundary. There exist 

d-solution operators Sg for (0, q)-forms on such that for k' < k,j' < j, k' < oo,j' < oo, 

\Sqf\v-,k'+l/ 2 ,j' < Ck>{\r\k>+ 2 )\f\v;k',j'- 
Here the constant Ck{\r\k+ 2 ) depends on norm of |r|fc+ 2 . 

6. The 9-equation for variable domains of holomorphy 

In this section, we present a parametrized version of Oka-Weil approximation in Propo¬ 
sition 16.51 We then obtain interior regnlarity for a continnons family of domains of holo¬ 
morphy that admits a continnons family of plnrisnbharmonic nniform exhanstion fnnctions 
in Theorem 16.71 As applications we then solve a parametrized version of Levi-problem in 
Theorem 16.91 and a parametrized version of Cousin problems in Theorem 16.101 The for¬ 
mulation and the solutions of the Cousin problems lead us to study functions defined on 
general open sets of C” x [0,1] that are total spaces of {D^} with being possibly empty. 

It is a standard fact that for a domain hi in C” which is not the whole space, D is pseu¬ 
doconvex if and only if — logdist( 2 ;, 9f2) is a plnrisnbharmonic function on hi. Therefore, 
we have the following. 

Lemma 6.1. Let P*: D ^ be a homeomorphism for each t G [0,1], where D,D^ 
are bounded domains in C”. //P G and are domains of holomorphy, then 

{—logdist( 2 ;, 9/1*)} G is a family of plurisubharmonic uniform exhaustion func¬ 

tions on H*. 

Let {Dp be a continuous family of domains in C"^, i.e. D = UH* x {t} is open in 
C” X [0,1]. If /L is a subset of V, we define 

/L* = [z- {z,t) G K}. 
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By Lemma 14.91 K is compact, if and only if K* are compact and is upper semi- 

continuous. 

Let P^{D) denote the set of continuous plurisubharmonic functions on D C C"^, and let 
P{D) denote the set of plurisubharmonic functions on D. For a subset K of D G C"', the 
P{D) hull of K, denoted by Kj^, is the set of z ^ D satisfying 

ip{z) < sup{</ 9 (t(;): w G E}, Vcp G P^{D). 

Proposition 6.2. Let {D^} be a continuous family of domains in C” with total space 
P. Let {K^} be a family of subsets of with a compact total space /C. Let ip* be 
plurisubharmonic functions on with {(p*} G Let e > 0. There exists a family 

{(p^} G of functions such that iff are plurisubharmonic on cu*, the total space u 

of {u^} is an open neighborhood of 1C, and 

0 < ip^{z) — ff{z) < e, 'iz E . 

Proof. To apply smoothing for the variable domains, we hrst extend {L**} to a larger family 
of domains as follows. We set for f < 0 and = D^,K^ = for 

f > 1. We dehne by 

t < 0 ; (pl(z) = cp^(z), t > 1 . 

Then pf^ is plurisubharmonic on D^. Let y(t) be a non-negative smooth function with 
compact support such that x(t) = 1 near 0 and / xif) dt = 1. Let x{z) = CnX{\z\) such 
that / x{z) dV{z) = 1. Set Xsif) = d~^x{d~H) and Xs{z) = 6~‘^'^x{6~^z). Consider 

tHz) = jj Po{C)Xe{t - s)x,{z - C) ds dV{C). 

Note that K is compact. The sub-mean value property holds for p\ near for all t when 
e is sufficiently small. Therefore, each pi is plurisubharmonic near for 0 < f < 1. Using 
a partition of unity and further smoothing, we can achieve {p^} G □ 

Proposition 6.3. Let {T**} with total space P be as in Proposition \6.2[ Suppose that there 
exist plurisubharmonic uniform exhaustion functions p^ on with {plf\ G C^’^{P). Let 
{K^} he a family of sets with total space fC being a compact subset of P and let oj be an 
open neighborhood of K in P. Assume that each K* is P{D^) convex. There exist strictly 
plurisubharmonic uniform exhaustion functions p^ on satisfying the following: 

{i) {p^} G C'~’°°(T'). 

(a) p^ < 0 on and p^ > 1 on \ wL 

Proof. We hrst prove it when K* and a;* are empty for all t. Since {{z,t): Pq{z) < 0} is 
compact, adding a constant we may assume that Pq> 2 on D^. Consider sub-level sets 

Eln = {zeD^: pI{z) < m}. 

By assumption, the total space Sm of the family is compact. By Proposition 16.21 we hnd 
{p\} G C°°’°°{P) such that for each t, 0 < p\ — pl) < 1/4 on U 2 and p\ is plurisubharmonic 
on E^. Set p\ = p\. Let X 2 be a C°° convex function such that X 2 (s) = 0 for s < 5/4 and 
> 0 ^ > 5/4. Take ^ such that (fl is plurisubharmonic on E^ and 

0 < 4>2~To < 1/4 on U 3 . Let p\ = p\+C2X2°4>2- When C 2 is sufficiently large, p\ is strictly 
plurisubharmonic on E^ and </>2 > 1 on U 3 \ Inductively, we hnd plurisubharmonic 
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such that \4>\n~ vV\ < 1/4 on with {0^} G Take a smooth convex function 

Xm such that Xm{s) = 0 for s < m + 1/4 and Xm('S) > 0 for s > m + 1/4. Choose Cm 
sufficiently large such that = 0^-1 + CmXm ° (l>m is plurisubharmonic on i^^+i 
iPm > m on \ E^. Then 0* = lirnm-^-oo 0m satishes all the conditions. 

We now deal with the general case. Fix to- We hrst consider the case where is 
empty. By the upper semi-continuity of {K^}, we know that iF* is empty when t is close 
to to- So the above argument shows there are plurisubharmonic functions dehned for t 
in a neighborhood of to such that <^9* > 1 on \ while the family {</?*} has class 
We now consider the case where iF*° is non-empty. Since iF*° is P{D^°) convex, we can 
hnd a continuous plurisubharmonic function on such that 

(6.1) max0*° < 0 < 1 < min 0*°. 

E2°\uj^o 

Let E° = maXgto 0*°. Then L*° > 0. Dehne 

. jma.x{E°(pl{w),(f)^°{w)) if tc G 
^ 'yE°Lpl{w) if tc G \ 

Suppose that t is close to to. We want to show that (p* is well-dehned and plurisubharmonic 
on Z10 and {(p*} G The E^ is contained in D^° since {E^} is upper semi-continuous. 

Hence (p* is well-dehned. At re G dE\^ we have 

This shows that is in for t close to to. That is plurisubharmonic on follows 
from the dehnition and the inequality we just proved. We can also see that G 
By the upper semi-continuity of {K^} and {E\ \ we conclude that 

(6.2) (^9* < 0 on K\ (p^ >l on El\ 

for t close to to. (Of course, the hrst inequality is vacuous if K* is empty.) By Propo¬ 
sition 16.21 we may assume that {p^} G C°°'°°{{D^}). Again, {p^} G 0°’° is a family of 
plurisubharmonic uniform exhaustion functions on D^. 

We now hnd a hnite open covering {Ip, a G A} of [0,1], and continuous plurisubharmonic 
functions such that the above holds for p^ = p^^ and t G /«. Let {Xa} be a partition of 
unity subordinate to {la} with Xa > 0. Then p^ = '^Xa(t)l’a plurisubharmonic on 
and fl6.2p holds for all t. We can repeat the above smoothing and approximation arguments 
for p^. The proof is complete. □ 

We need the following parametrized version of the Oka-Weil approximation theorem, 
which is crucial in solving the 0-equation for variable domains of holomorphy. Let us hrst 
state the following elementary result which follows from the Morse lemma. 

Lemma 6.4. Let r be a real function on a domain D in that has no degenerate critical 
point. Assume that K is a compact subset of D such that r does not attain any local 
maximum value at each point in K. For any h > 0 there exists e > 0 such that for each 
z E K there exists ( such that 


r{C)-r{z)>e, |C - ^| < 5- 
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In other words, the lemma concludes that the value of r must increase by a hxed amount 
from a point in K within a hxed distance. 


Proposition 6.5. Let {£**} andV he as in Proposition^^ Suppose that there are plurisuh- 
harmonic uniform exhaustion functions 93 * on with G C'°’°('D). Fix i < j and 
i < 00 . Let {cu*} a continuous family of domains cj* such that each contains for 
Kl := {z E : (p^{z) < c}. Let {/*} G be a family of holomorphic functions /* 

on cjh Let e > 0. There are holomorphic functions on such that {g*} G and 

\g - f\iCo-,o,i ■= max max|a*{(^‘-/‘)(z)}| < e. 


Proof. We follow the method of approximation by using Leray formula. We say that asser¬ 
tion Ac{{f^}) holds if for each e > 0 and each hnite i < j there exists a family of functions 
g^ satisfying the following: 

(i) There is a family {g^} G {{K^}) of holomorphic functions g^ dehned near K^, 
i.e. g^ G 0{Kl). 

\9 - /ko;0,£ < e- 

By assumptions, Aq holds for all {P}. Let c* be the supremum of c such that Ac holds for 
all {f}. 

Let us hrst show that c* = 00 . Assume for the sake of contradiction that c* is hnite. By 
assumption, we know that c* > 0. We may further assume that 


(6.3) f G 

*/ioo)) {f} G cynKi,, 

*/ioo})- 

We hnd a hnite open covering of [0,1] and tj G A and <5* > 0 which have the 

following properties: For real linear functions Lj with |Lj| < ^ min{l, c*} on dehne 

r, + GC°°(iF*:+g), 

max{\ri{z) - ^^^{z)\: z G K^+g} < ^min{l,e4. 

Here Xs{^) = y > 0 is a smooth function with compact support in C” , 

and J X = 1 . For suitable > 0 and Li, the r* are strictly plurisubharmonic and have no 
degenerate critical point on Furthermore, if 

Ql:={zeD^^-.ri{z)<c}, := {z e : ri = c}, L* = U 

and t & li, then 

(6-4) C f^c+c*/ioo 5 -^c C -^c+c,/ioo! Vc < c* -f- 8 . 

We choose dg > 0 such that 

\dlri-dlri\ < for |C - ^| < dg. 


We know that there exists Ag > 0 such that 


E 


d'^ri 

dCjdCk 


P Ag 


2 
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Define 


d = min \^do, dist(L*_,_]^, -^^*+ 9 ) • 8c*/10 <c<c* + 6,l<i< m} . 

Then d > 0. We now apply Theorems 15.11 and 15.71 for a hxed domain as follows. For all t 
we take co* = = Vi — c, and = 1- By fIS.Sp . we find eo G (0,1) such that for any 

c satisfying 8c*/10 < c < c* + 6, there are functions and mappings Wi{(,z) that 

satisfy the properties: 

{i) Let z G f^c+eo/4 ^ ^ ^c +3 \ ^c-eo' Then <Fj(C, 2 :), Wi{C,z) are holomorphic in 2 : 

and in z, (, and $i(C, z) = Wi{(, z) ■ {( — z). 

(a) If dQl G and h G then 


( 6 . 6 ) 


h(z) = 


'dni 


KC) 


Wi(C, z)-dCA (agWi(C, z) • dp)^ ^ 


Wz G DL 


It is crucial from Theorem 15.71 that although $j, Wi depend on c, the Cq does not depend 
on c. Also, as mentioned in Remark 14.![ we need the Leray formula (Ih.hh to carry out the 
following approximation. 

By fl5.6p we obtain |<Fj((^, 2 :)| > C for ri{Q > c*/2 and ri{z) < c*/100. Choose di G (0,(i) 
such that if |C — Cl ^ <^ 1 ) 'f'ii.z) < c*/100, and r’j(C) > d(C) ^ c*/2, then 


-d)i(C,2;)| < ^|<F*(C,2:)|. 

This shows that ^ , which is holomorphic in z for ri[z) < 'rj(C), can be approximated 

by polynomials in on rj(z) < c*/100 in the super norm. The quotient and 

iCi(C, z) are holomorphic in z on the domain defined by 


riiz) < TiiC), ri{z) < ri(() + eo/4. 

Since r is strictly plurisubharmonic in -Dct+gy does not attain any local maximum value 
in the set. By Lemma EH there exists ei > 0, depending on di, such that if rj(C) < c* + 8, 
there exists ( such that 


(6.6) d(C) > ri(C)+ ei, j( - (j < d^. 

Let 62 = min(eo/4, ei, |). Therefore, for each C, can be approximated on the domain 

defined by ri(z) < c*/100 by holomorphic functions on ri(z) < ri(() + 62 - This is the 
approximation that we will use in the following argument. 

Fix i and assume that t G R. We start with a regular value Ci of with ci G 
(93c*/100, 94c*/100). By fl6.3p . we can replace h,c in fl6.5p by /* (t G A), Ci respectively. 
This gives us an integral representation for /L We then differentiate /* and the integrand 
to get integral representations for dlf^ for I < i. For the i + 1 integrals, we approximate 
them by Riemann sums to obtain for a given e > 0, 

(6.7) sup sup {f\z) - g\{z)] \ < e, 

te/i z&Kl 


9i[z) = 


N 


m=l 


P{'Wi{C,z),d^i{C,z)) 


C=Ci,r. 
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Here P, Ci,m are independent of t G /*, I = 0,... P is a polynomial, and Ci,m ^ El^. 
By the approximation obtained earlier, we know that each term in the above sum of g\ 
can be approximated on by functions that are holomorphic on This gives us 

a holomorphic function gl on the above set such that (16.71) holds when gj is replaced 
by gj. Next, we choose a regular value C 2 of ri with 01 + 62/2 < £2 < £1 + 62 . We 
repeat the argument. We repeat this rii times, with Ui independent of t via (16.6p . to 
obtain (16.71) for a function gj that is holomorphic on Lli+nie 2 / 2 - Here n, is so chosen that 
+ + 5 < £ 1 + 77 , 462/2 < c* + 6. From (16.41) it follows that gj is holomorphic on for t G /*. 
Note that Tc.+e 7) P'c.+ 5 - Using a partition of unity {xi(t)}, we get the approximation 
S'* = Xi9i so that g^ is holomorphic on P’c ,+5 11/ “ S'IIaCq-o £ < Uhis shows that c* = 00 . 

To hnish the poof, let 6 > 0 and {hj} G Cy{{Kj}) such that hj G 0{Kj) and 

11/ ^i||A;o;0,i ^ 2 ’ II ^*+1 ^*llAli;0j ^ 2i+l ’ * 0, 1, ... . 

Then limj^oo hj has the desired properties. □ 

Remark 6.6. By the Cauchy inequality, if E approximates E on uj^, where cu* are open 
neighborhoods of compact subsets iC* in norm, then it also approximates in (7°°’/ 

Theorem 6.7. Let {D^} be a eontinuous family of domains in C^. Let {+*} G be 

a family of plurisubharmonic uniform exhaustion functions on D^. Let 0 < a < 1 and 
I < q < n, and let k,i,j G N with k > j. Let {/*} G {resp. be a 

family of d-closed {0,q)-forms on . There exist a family of solutions to du^ = /* on 
so that {m*} is in {V) {resp. {V)). 

Proof. Let Kj^ = {z G D^: p^{z) < m}. Denote by /C^ the total space of {Kj^}. We will 
hrst hnd uj^ such that duj^ = /* near Kj^] more precisely duj^ = /* on a;* while {d;*} is 
a continuous family of domains of which the total space contains /C^. Furthermore, {uj^} 
is of class Fix to and assume that t is sufficiently close to to- We know that 

Kjn+i contains Km. Take D* such that D* has a C°° strictly pseudoconvex boundary. 
Moreover, contains D* and D* contains Kj^. Let To* be a solution operator via the 

homotopy formula. Let uj^ = T^^f^. Then {uj^} is in for t close to to. 

Using a partition of unity {xi} on [0,1], we can hnd uj^ such that for each t, duj^ = /* 
near Kj^. Using cut-off, we may further achieve {uj^} G . 

We now assume that g > 1. Then d{u\ — uf) = 0 near K{. By the above arguments, we 
can hnd Ui such that dv\ = u\ — near K{ and {dv\} G We take u\ = u\ 

and M 2 = "^2 + Then = u\ near Kj, { 772 } G {V), and du^ = du\ = /* near 

Kj. Inductively, we have d{uj — Wj+i) = 0 near Dj. We hnd vj such that dvj = uj — m*_,_i 

near iFj, and {ttu*} G Set m*_,_i = m*+i + dvj. Then = uj near Kj. 

Assume now that g = 1. If j is hnite, we take = j; otherwise, we take a sequence 
of integers tending to 00 . Analogously, we take a sequence of integers ki tending to 
k. Let u\ = u{. Then uj — u\ is holomorphic near Kj. By Proposition 16. 5 [ we can hnd 
holomorphic functions h\ on such that {h\} E and 

\u\ M 2 I +l+a,7l ^ ^ 1/2. 
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Let u\ = U 2 + h^- We still have du 2 = du\ = /*. Inductively, we find holomorpliic functions 
h\ on such that {hW G and 


|hm 





Here /Cm = < mj. We then define Um+i = Um+i + ^m- Using the Cauchy 

estimates, we verify that {u\n} converges to {u^} in 

Analogously, we can verity {T>) regularity of the solutions. □ 


Definition 6.8. Let {D*} be a continuous family of domains in C^. Let Aj{T>) denote the 
set of families {/*} of holomorphic functions /* on with {/*} G C^’^{T>). Let {U*}, with 
total space 8^ be a family of subsets of D^, the A'^ ('D)-hull {E^} of {E^} is defined by 
its total space 


8 = Uz,t)eV:\nz)\< sup |rH|,V{/*}GA^'(D) 

{w,s)gS 

We say that {E^} is A^{T)) convex if E^ = E^ for all t. 

As an application of Proposition 16.51 we solve the following version of the Levi problem 
for domains with parameter. 

Theorem 6.9. Let {D^} be a continuous family of domains in C^. Let {(f^} G be 

a family of plurisubharmonic uniform exhaustion functions (p* on DL Then is A^{T>) 
convex for all c G R, where iC* C is defined by < c. 

Proof. By Proposition 16.31 we may assume that { 92 *} G and (p* are strictly 

plurisubharmonic on Dfi It suffices to show that (iCc)* is contained in if ci > c. 

Fix p G D® with (p^{p) = Ci > c. Choose a real linear function L such that 0^ = p* + L 
has only discrete critical points in D^. Let be defined by < c. We also choose L so 
small on that for some c' > c, the D^, contains K^. 

Let E{w) be the Levi polynomial of at wo = p®. Then 

yA°{w) > ip^°{wq) + 2Re E{w) + c|tc — tCoP- 
Choose 5 > 0 sufficiently small. For ipf°{w) < c' + 5 and |w — tco| > e, we have 
( 6 . 8 ) 2 ReF(tc) < 5 — ce^. 

Let x(w) be a smooth function supported in i? 2 e such that y = 1 on R. We consider 

u{w) = x{w — — v{w). 

We want u to be holomorphic on by solving dvL = giiu!) ■= d{x{w — We 

have gL{ui) = — Wq), which is zero on B^. Thus fl 6 . 8 l) implies that 

IplIo := sup IplI < 

^c'+5 

Take 0 < 5 < ce^/2 such that := smooth boundary. Thus \gL\o —t 0 as 

L —)■ +CXD. We now solve the c/-equation on D* by using the homotopy formula on D* to 
get the estimate 

\ vl\o < C'lpilo, 
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which is uniform in L. Fix L such that < 1/4. On K^, we get |m| < 1/4. Also 

|w(tno)| > 1 — |'yL('ifo)| > 3/4. Note that u is holomorphic on Fix c < c" < c' + 5/2. 

Using a cut-off function x(t) such that 0 < x < 1 and x('S) = 1- We obtain {u* = 
such that each u* is holomorphic on iF^„. Moreover 

|m*| < 1/4 on iF*, \u^{wo)\ > 3/A. 

By Proposition [631 we can replace u* by u* which is holomorphic on such that the above 
still holds for u*, while {F*} G A^(/D). Therefore, (p, s) is not in the A^(/D) hull of K^.. □ 

We now consider Cousin problems with parameter. We formulate the problems and its 
solution as follows. Here it is more convenient to formulate the problems and find the 
solutions, by identifying a continuous family {D^} with its open total space V in C” x [0.1| 
and by allowing some to be empty. We also identity a family {/*} of functions /* on 
with a function {x,t) f^{x) on V. 

Theorem 6.10. Let 0 < a < 1. Let j,k G N with k > j and k > 0. Let {D*} be 
a continuous family of domains in C”. Suppose that admit plurisubharmonic uniform 
exhaustion functions with {p*} G C^’^{'D). Suppose that a, G A} is an open covering 
ofV, where Va is the total space o/{Zl*}. Let be a family of functions such that each 

fL is holomorphic on D\ n D^. Assume that {/^b} ^ Cf^{Va fl Vf). 

{%) {First Cousin problem.) Assume that for all a,b,c& A, = —fl^, 

fL + fL = fL on Din Din Dl 

There exist families {/*} G C°°’^{Va) of holomorphic functions /* on Dl such that 

ft _ ft ^ ft 
J a J b J ab‘ 

{a) {Second Cousin problem.) Suppose that each does not vanish on Dl nDl. Sup¬ 
pose that for all a, b, c, = {fha)~^> 

faJL = fL on Din Din Dl. 

There exists a family {/*} of nowhere vanishing holomorphic functions /* on Di 
such that {/*} G C°°’^{Va) and fi{fb)~^ = fiby pf'ovided there exists a family {gi} G 
C^’^{Va) of functions gi vanishing nowhere on Di such that gi{gl)~^ = fii, for all 
a, b. 

Proof. Note that when each Da is open in D. When all are holomorphic on Di fl Dl, 
the Cauchy formula implies that {/*{,} G C°°’^{Da Cl Db) for {/*j} G Cf^{Va Cl Vb). 

First, we consider the hrst Cousin problem. By assumption, {Da} is an open covering 
of D. We choose a partition of unity {pv} that is subordinate to the covering {Da}. 
More precisely, G C^{De^), all but hnitely many of them, vanish identically on any 
compact subset of D, and = 1 on "D. Set pi{z) = Lpy{z,t) and 

9i{z) = Tiiz)flaiz), Vz G Dl 

Here pi{z) flai.^) = 0 if is not in D^ fl Dl We can verify that {gi} G C°°9{Da) and 
di ~ 9b = fib- Thus dgi = dgl on Di fl Df This shows that p* := dgi is well-defined 
on D^. Also {gl G C°°9{D). By Theorem 16.71 we can find G C°°9{D) such that 
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dg\ = du*'. Now fa = Qa — vf becomes holomorphic on D\ and {/*} is of class C°°'^{Va), 
while fa - f = fai,. 

For the second Cousin problem, we assume that there exists {gl} G C^’^(Va) such that 
fab — daidbf^- consider the case that each Da is simply connected. We can write 

ga = with {log^f*} G Let = log^f* — log^f^. We want to show that {h\^f\ 

is in C°°’fVar\Vif). Indeed, e^“<> = ff^. Locally, we get hffz) = \og ffz)+2Trim{z,t) with 
m{z,t) G Z. By continuity, we conclude that m is locally constant. This shows that 
is in C°°’fVa nVh). By the solution of the first Cousin problem, we find {hi} G C°°'fVa) 
such that hi is holomorphic on D*, and 

(6.9) h* - = log^‘- log^^. 

When Da are not simply connected, we apply a refinement{"D^ : /5 G 5} to the open covering 
of {Da'- a G A} such that each Dp is a simply connected open subset of some Pq, while 
UVp = V. By (16.9p . we find {ff\ G such that, for Da C Va, 

hl-hl = \oggl - \oggf log^„ = log^alp^- 
Then hi = hi is well-defined on Dl and {hi} provides the desired solutions. □ 

Analogously, we verify the following result. 

Theorem 6.11. Let 0 < a < 1. Let j, A; G N with k — 1 > j . Let {Df he a continuous 
family of uniformly bounded strongly pseudoconvex domains in C” of boundary. 

Suppose that {Da: a E A} is an open covering ofV, where Da is the total space of{Dl}. Let 

{fab} ^ be a family of functions that are holomorphic in the interior of 

DlnDl and satisfy Theorem \6.10\ (i) {resp. (ii)). There exists a family {f} G 
satisfying Theorem \^.10\ (i) {resp. {ii)). 

Proof. In the proof of previous theorem, we have f = dgl and {f} G C°°’fD). When 
considering boundary, we can only claim {ff} G C^’f{Dl }) obtained by parameterizing 
{Df via embeddings {T*} G Thus, we have {f} G C^’fV). With A; — 1 > j, 

using Theorem 14.101 we solve f with {uf G □ 

When n = 1, using Theorem 14.51 we get a more precise result. 

Theorem 6.12. Let 0 < a < 1. Let A;, j G N with k > j. Let {D^} be a smooth family 

of hounded domains in C with Cl boundary. If {f},} in Theorem \Q.ll\ are in 

C^+(^o{X)a nVb) for all a,b, then the solutions {f} are in C^^'^'fDa). 

References 

[1] F. Bertrand and X. Gong, Dirichlet and Neumann problems for planar domains with parameter, Trans. 
Amer. Math. Soc. 366 (2014), no. 1, 159-217. 

[2] S.-C. Chen and M.-C. Shaw, Partial differential equations in several complex variables, AMS/IP Stud¬ 
ies in Advanced Mathematics, vol. 19, American Mathematical Society, Providence, RI; International 
Press, Boston, MA, 2001. 

[3] K. Diederich and T. Ohsawa, On the parameter dependence of solutions to the d-equation. Math. Ann. 
289 (1991), no. 4, 581-587. 

[4] P. Dolbeault, Formes differentielles et cohomologie sur une variete analytique complexe. I, Ann. of 
Math. (2) 64 (1956), 83-130. 













35 


[5] D. Gilbarg and N. S. Trudinger, Elliptic partial differential equations of second order, Classics in 
Mathematics, Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition. 

[6] H. Grauert, On Levi’s problem and the imbedding of real-analytic manifolds, Ann. of Math. (2) 68 
(1958), 460-472. 

[7] H. Grauert and 1. Lieb, Das Ramirezsche Integral und die Losung der Gleichung df = a im Bereich 
der beschrdnkten Formen, Rice Univ. Studies 56 (1970), no. 2, 29-50 (1971) (German). 

[8] R. E. Greene and S. G. Krantz, Deformation of complex structures, estimates for the d equation, and 
stability of the Bergman kernel, Adv. in Math. 43 (1982), no. 1, 1-86. 

[9] R. S. Hamilton, Deformation of complex structures on manifolds with boundary. I. The stable case, J. 
Differential Geometry 12 (1977), no. 1, 1-45. 

[10] _, Deformation of complex structures on manifolds with boundary. II. Families of noncoercive 

boundary value problems, J. Differential Geom. 14 (1979), no. 3, 409-473 (1980). 

[11] G. M. Henkin, Integral representation of functions in strongly pseudoconvex regions, and applications 
to the d-problem, Mat. Sb. (N.S.) 82 ( 124 ) (1970), 300-308 (Russian). 

[12] G. M. Henkin and J. Leiterer, Theory of functions on complex manifolds. Monographs in Mathematics, 
vol. 79, Birkhauser Verlag, Basel, 1984. 

[13] L. Hdrmander, estimates and existence theorems for the d operator, Acta Math. 113 (1965), 89-152. 

[14] _, An introduction to complex analysis in several variables, 3rd ed., North-Holland Mathematical 

Library, vol. 7, North-Holland Publishing Co., Amsterdam, 1990. 

[15] N. Kerzman, Holder and estimates for solutions of du = f in strongly pseudoconvex domains. 
Comm. Pure Appl. Math. 24 (1971), 301-379. 

[16] K. Kodaira and D. C. Spencer, On deformations of complex analytic structures. III. Stability theorems 
for complex structures, Ann. of Math. (2) 71 (1960), 43-76. 

[17] J. J. Kohn, Harmonic integrals on strongly pseudo-convex manifolds. I, Ann. of Math. (2) 78 (1963), 
112-148. 

[18] _, Global regularity for d on weakly pseudo-convex manifolds, Trans. Amer. Math. Soc. 181 

(1973), 273-292. 

[19] 1. Lieb, Die Gauchy-Riemannschen Differentialgleichungen auf streng pseudokonvexen Gebieten. 
Beschrdnkte Losungen, Math. Ann. 190 (1970/1971), 6-44 (German). 

[20] 1. Lieb and R. M. Range, Losungsoperatoren fiir den Cauchy-Riemann-Komplex mit -Abschdtzungen, 
Math. Ann. 253 (1980), no. 2, 145-164 (German). 

[21] J. Michel, Integral representations on weakly pseudoconvex domains. Math. Z. 208 (1991), no. 3, 437- 
462. 

[22] N. Gvrelid, Integral representation formulas and -estimates for the d-equation. Math. Scand. 29 
(1971), 137-160. 

[23] E. Ramirez de Arellano, Fin Divisionsproblem und Randintegraldarstellungen in der komplexen Anal¬ 
ysis, Math. Ann. 184 (1969/1970), 172-187 (German). 

[24] R. M. Range, Holomorphic functions and integral representations in several complex variables. Grad¬ 
uate Texts in Mathematics, vol. 108, Springer-Verlag, New York, 1986. 

[25] R. T. Seeley, Extension of C°° functions defined in a half space, Proc. Amer. Math. Soc. 15 (1964), 
625-626. 

[26] Y.-T. Sin, The d problem with uniform bounds on derivatives. Math. Ann. 207 (1974), 163-176. 

[27] S. M. Webster, A new proof of the Newlander-Nirenberg theorem. Math. Z. 201 (1989), no. 3, 303-316. 

Department of Mathematics, University of Wisconsin-Madison, Madison, W1 53706, U.S.A. 

E-mail address: gongOmath. wise . edu 

Department of Mathematics, Pohang University of Science and Technology, Pohang 

790-784, The Republic of Korea 

E-mail address: kimkt@postech.ac.kr 



